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® The 2-way random effect model is given by

Y:LTLZJ\}(X—FZXZ'@L'—FU, T x N

with
U=Mn+eirp’ +V,

where ¢,, : n x 1isavectorofallones, A:T'x1and u: N x 1.
B~ (0,,), u~(0,%,)and Vec(V) ~ (0,02 nT)
® )\ pand V are independent
BQ=Cov(Vec(U))=JIn QP+ ¥, @Jr +c2Inr
m where J,, = ¢,,¢!, i.e. a matrix of all ones
miltisaGLM: vy =tny7a+ X3+ u, u ~ (0,€)
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Spherically Distributed Random Effects:

BU =My +erpt +V,

B Cov(A) =031, Cov(p) = o1 and Cov(v) = oI Nt
BQ=03(JRI)+o,(IRJ)+o,(II)
® Eigendecomposition: 2 = A\ Q; + A2Q5 + A3Q5 + M Q,

Eigenvalue Multiplicity Projector

A =0, (N-1)(T'-1) | Q, = (En ® Er)
Ay = (Toy, + 07) N —1 Q, = (Ey®J7)
Az = (Noj +07) I'—1 Q; = (Jn® E7)
M= (0;+Nos+T0;) | 1 Q,=(IJy®Jr)

lWherejN:LNL%/NandEN:IN—jN
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m The GLS estimator for 3 is computed as
e OLSono,Q 2%y =0,0""2Z8 +v, v~ (0,02I), or
¢ GLS on

Q.y QX U1 M Q) 0 0
Qy | =1 QX [B+ |12, 0 M@, O

Q,y = tnTa+ QX3+ u, MQy
® The latter method allows for the direct estimation of \;
(and, thus, of o2, 03 and ¢7.)
® The nr. of observations is now 4NT', this approach is not optimal
m Strategy: find the basis of the eigenspaces
® Find (wy W) orthogonal s.t. Jy = wywh and Ey = WyW .
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mJy = N_leL% = wNw%

.EN:IN—;]N:WNWZJ\}

m A possible solution:

—1 -1 —=1 ---
1 —1—1 -
0 2 —1 -

WyxDy=| 0 0 3
6 0 0

Dy = diag(v/i2 +i,i=1,...,N — 1)

where Pi =W x W, Po = Wxn Qwr, P3 =wy ® W and

P,=wy @wr
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(Piy)
Ply
Py
\PIy)
with covariance matrix
1
1 Ay
(N=1)(T-1)1 0
N —1 0
T —1 0

® The GLSE of the 2-way ECM is given by the GLSE of

(VT\ - (PLX\ ()
U P X g | W
0 P; X Us
K 0 ) \PgTX) \us)
(N-1)(T—-1) N—-1 T-1
0 0 0
T 0 0
0 Ao T 0
0 0 AsT

The first equation can be dropped

B o can be computed by back-substitution once having computed 3
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(¥ O'%INT 0 0
mU =My +erpt +V, Cov(|A])= 0 v, O
I 0 0o w,
BQ=(JU,)+ (T, 0J)+c2(Ix1I)
® The 2-way ECM is equivalent to the GLM
Ply P11 X o2 0 0
Ply|l=|PIXx|B+a, Cov@)=| 0 Q, 0
Piy PiX 0 0

BQ=TWAU, Wy +02I, Q3=NWiL®,\ Wy + o021
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on-spherical disturbances y’L
ﬁNonp:pheritI:e?l dtistzrbances T T .
m Compute the Cholesky decomps: Q; 2,Q, = C,;C; ,fori = 2,3,
pproac

Time-correlated errors C ) C' )

mletC,; = e

0 C,;

® Solve the GLLSP: ming ,, ||n||%, subject to

(91 (Ri) (1 0 \

Yo R, C, N C,
Ys3 R; Cs Cs
= +
i o |7 I !
@2 O CQ
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i 5 SRS ,
® Back-substitution: ¢y, =y, — C,C, y,,fori =23

® Solve the GLLSP: ming ; ||7]|%, subject to

Ql Rl I B
Yy | = | R2 | B+ C N n
Ys Rs Cs

m Solved by using an (Updating) GQRD
B Complexity:
¢ QRDs of P/ X: O(NT k?),
¢ Cholesky of Q7 Q,;Q,: O(N3 + T°)
¢ GQRD: O(k?)
m Notice that in several models the Cholesky factors of ¥, and/or ¥,
are known. Updating QRDs can be used to factorize €2;
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Time-correlated errors
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@ Computational aspects

v IxnoW¥, O 0
mU =My +erpt +V, Cov(|A])= 0 v, 0
0 0 0o w,
BQ=JeP,)+ (T, 0J)+ I xP,)
®m The 2-way ECM is equivalent to the GLM
Ply P! X I®Q 0 I®ws
Piy|=|P;X|B+u, Cov(a)= 0 Q, 0
Py PiX Iowl, 0 Qs

BQ =WiOWr, wi3=Wi¥, wr
Qy =TWENE Wy +wh@,wrl, Q3=W5L(NT,+ T W
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@ Computational aspects

® Need to compute the GQRD of

P/ X I®Cy 0 I®cp
Plx |, and 0 C, 0
PiX 0 0 Cs

mQ;, =C,;C; are Cholesky decompositions.
m Done efficiently by splitting P{ X in blocks of T' observations.
1. For each block the corresponding GQRD is computed
2. All the GQRDs are combined by means of updating techniques

m Computationally efficient when the model is reesimated for different
covariance matrices
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