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Seemingly Unrelated Regressions (SUR) model

o y, = X,0; + uy,

o y,,u; -1 x1,
e E(u;) =0 and E(uu; )= oy;lr.

e A compact form of the SUR model is
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vec(Y) = (&, X;) vec({5;}) + vec(U).

Y = (y1-¥c).
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and vec(U) ~ (0,X® Ir).



Best Linear Unbiased Estimators

The Generalized Least Squares (GLS) estimator derives from
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The GLSisgiven by

vec({G:}) = (@ XT)(E" @ Ir)(@:X,)) " (@ X]) vee(YS ™)

Fails when Y. isill-conditioned



Computing the GL S estimator

e Compute the QR decomposition (QRD) of (C~! @ I7)(®;X;)

1. Computethe QRDs Q7 X; = QT =7
0 /) T—k QF

2. Compute
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3. Compute the updating QRD P* (A> — ( )
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o Wij =7;Q1 X;, Wij=7;Q1X; and C~' = [y;]

o Wis upper triangular and Wis strictly block upper-triangular



Diagonally-based strategy
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Column-based strategy
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Generalized Linear Least Squares Problem (GLL SP)

o Solvethe GLLSP

aé‘gmigl V|5 st vece(Y) = (@;X;) vec({3:i}) + (C @ I) vec(V).
V.,B1,...,08c

e X=CCT, where C:G xg and rank(X) =g <G.
e V:Txg, VC'=U and vec(V)~ (0,I,r).
e Compute the Best Linear Unbiased Estimator (BLUE) of the SUR model.

e Do not requirethat > is non-singular.



The Generalized QR decomposition and GL L SP

e Compute the Generalized QR Decomposition (GQRD):

QT (&:X;) = (%&') K and OT(C® Ip)P = (Wll Wm) K

0 T—K 0 Woy| T-K

e Re-writethe GLLSP as

argmin HPTvec(V)H2 st.

V,B1,--,8a
QY vec(Y) = QT (@; X;) vec({5;}) + QT (C @ I) PP vec(V).

o Let QT vec(Y) = vee(ig:h) and P71 vec(V) = vee(iv:h) .
vec({y; }) vec({?; })



Solution of the GLLSP

e Writethe GLLSP as

G
argmin Y (yw n H@iHQ) st.

Vaﬁl 7777 /BG i=1

vec({7:}) _ [ Bl vec({4;}) + Wii Wiz | [ vec({v;})
vec({7:}) 0 0 Wy | \vec({d;})

e Solution:
1. Setvec({v;}) = 0.
2. Solve the triangular system

©iR; Wia) [vec({8i}) _ vec({yi}) |
0 Way) \vec({9;}) vec({7; })
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Computation of the RQD of Q1 (C @ I7)

o QT(O®IT)P — (

Waa Wap
0 Was

Waa W

.« QT(CaIp)q= | VA Was
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o W44 and Wgp are upper triangular

o Wapand Wy are strictly block upper triangular

~

1. Compute the updating RQD (MN/'B 4 Wpg B) P= (O Wh B)
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2. Compute (WAA WAB>P: (WAA WAB)
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Diagonally-based strategy

Initial matrix

First Step Second Step Third Step
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| nterleaving approach: basicidea

e Consider the GLLSP:  argmin,, 4 [|v|| st y= X3+ Cv

k 1

s  T-8
k 1
.« Q7 (X ): X1 y1\S QTop = Cii Ci2 \s
Y
0 2 /)7-5 0 Ca J7r_5
e The GLLSP can berewritten as
X Cy1 C )
argmin oy |2+ oo st [T =Tt g | TR
v, Y2 0 0 Ca U2

which is equivalent to

argmin H?}1H2 S.L. Yy — 01202_21y2 — Xlﬁ —+ 011?}1

v,B

e Thisprocessisiteratively applied until S = &
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| nterleaving approach for the SUR model

o Assumek; = ---=kg =k

. Xi1
e Partition X, =
Xi9

e Rewritethe GLLSP as
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| nterleaving approach for the SUR model

Initial matrices First Step (QRD) First Step (RQD)
Second Step (QRD) Second Step (RQD 1) Second Step (RQD 2)

e
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Recursive Algorithm

Let X; = S Y = and U =

o) v, oo,

Ty > max(ki, . .., kg) and vec({vec(UD)}) ~ (0, ®:(E ® Ir,))

The SUR model can be written as

vec(Y' (D)) @in;(l) vec(U)
5 : vec({5:}) + :
vec(Y (&) @in;(G) vec(U(“))

Solve the SUR model vec(Y 1) = (@; X )vec({8:}) + vec(U™)
Update by vec(Y 1)) = (@, X7 )vec({3;}) + vec(UW)), for j = 2,...,s
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Size Reduction of Large-Scale SUR M odels

et X:(Xl---XG>RTXK, K=¢ %k ad T>K.

7 ki1 ko ka or
@TX(O), R= (R Ry - Ro)x and @T(Q;).
2

A

Pre-multiply the SUR model by OT where O — ( Ie®0T Io® @g).
Vec(@{Y) B @Z‘Ri | VGC(Q,{U)
(VGC( ~gY)) N ( 0 )VGC({@,}) ' (VGC(QgU) |

vec(QTU) " X ® Ik 0
vec(QTU) ’ 0 YS®Ir_x))

Reduced-size SUR model:  vec(QTY) = (@, R;)vec({5;}) + vec(QTU) .
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Reduced Size SUR Model

N
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e The structure of the regressors should be exploited
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Computational results (G = 10)

OLM algorithms GLLSP algorithms Ratio
T ki | Lapack QRD Lapack GQRD Interl.  Recursive | GLLSP/OLM
100 5 | 0.0227 0.0121 2.9766 0.3384 0.2963 0.1122 9.27
10 | 0.1208 0.0327 3.1151 0.4663 0.4511 0.1897 5.80
15 | 0.1951 0.0726 3.4684 0.6214 0.5865 0.3085 4.25
20 | 0.1979 0.0989 3.6348 0.7296 0.7224 0.4416 4.46
30 | 0.3181 0.2138 4.5518 1.0656 1.0375 0.8022 3.75
400 5] 0.1812 0.0499 | 185.3506 8.3259 6.0854 0.4527 9.07
10 | 0.6433 0.1731 | 191.6706 13.1758 9.2547 0.7791 4.50
15 | 1.0295 0.3869 | 198.3687 18.3041 13.0657 1.2969 3.35
20 | 1.1602 0.7879 | 204.5498 23.9272 17.4742 2.0352 2.71
30 | 1.8623 1.8808 | 200.3455 34.8307 25.7010 3.8604 2.07
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Computational results(k; = --- = kg = 5)

OLM algorithms GLLSP algorithms Ratio
T G | Lapack QRD Lapack GQRD Interl.  Recursive | GLLSP/OLM

100 5 | 0.0014 0.0022 0.5553 0.0507 0.0409 0.0270 19.28
10 | 0.0213 0.0119 2.8841 0.3215 0.2906 0.1091 9.17

15 | 0.1135 0.0326 10.4153 1.0539 0.9871 0.2853 8.75

20 | 0.3039 0.0687 25.5424 2.6647 2.4102 0.5697 8.29

30 | 0.7402 0.2122 81.9765 9.4783 8.9455 1.5567 7.34

400 5 | 0.0162 0.0093 25.6388 1.2633 0.7686 0.1092 11.74
10 | 0.1675 0.0498 | 183.3260 8.2393 6.0076 0.4480 9.00

15 | 0.5750 0.1598 | 586.3929 28.0438 22.2265 1.1694 7.32

20 | 1.3203 0.4207 --- - - - --- 2.4639 5.86

30 --- 15331 --- --- - - - 6.6609 4.34
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Computational results— Reduced Size model (G = 10)

OLM algorithms GLLSP algorithms Ratio
T ki | Lapack QRD Lapack GQRD Interl.  Recursive | GLLSP/OLM
100 5 | 0.0052 0.0081 0.4015 0.0881 0.0601 0.0477 9.17
10 | 0.1088 0.0366 3.0925 0.4421 0.3805 0.1672 4.57
400 5| 0.0093 0.0111 0.4249 0.0873 0.0643 0.0491 5.28
10 | 0.1236 0.0556 3.1201 0.4482 0.5142 0.1872 3.37
15 | 0.3700 0.1443 | 10.9318 1.2860 1.2046 0.4675 3.24
20 | 0.5482 0.3031 | 27.2676 3.5127 2.9855 0.9567 3.16
30 | 1.3749 1.2734 | 87.4721 13.9188 11.3183 2.7661 2.17

28




Computational results— Reduced Sizemodel (k1 = --- = kg = 5)

OLM algorithms GLLSP algorithms Ratio
T G | Lapack QRD Lapack GQRD Interl.  Recursive | GLLSP/OLM
100 5 | 0.0007 0.0012 0.0055 0.0049 0.0034 0.0050 4.86
10 | 0.0068 0.0079 0.3980 0.0834 0.0608 0.0463 6.81
15 | 0.0665 0.0277 4.1706 0.5426 0.5045 0.1887 6.81
20 | 0.2908 0.0729 | 25.1177 2.3531 2.1953 0.5194 7.21
400 5 | 0.0015 0.0019 0.0059 0.0056 0.0040 0.0059 3.93
10 | 0.0088 0.0110 0.3973 0.0866 0.0637 0.0496 5.64
15 | 0.0746 0.0396 4.3138 0.5676 0.5066 0.1987 5.02
20 | 0.3059 0.1010 | 26.2893 2.5442 2.3426 0.5566 5.51
30 | 1.1623 0.4447 | 79.9213 23.6311 21.8987 2.3073 5.19
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Applications

e Multivariate Regression models (i.e. VAR models) with zero coefficient
restrictions

Y =XB+U, VeC(U)N(O,E(X)I), bij:Ofor(i,j)ES
which can be formulated as the GLLSP
argmin ||V||

)

st Y=XB+VvcT
bij = 0, for (Z,]) S

e Simultaneous Equations model:

yi = Xi0Bi + Yivi + us, i=1,...,G, vec({u;}) ~ (0, X & I)
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Conclusions

e Efficient numerical methods can make feasible the solution of large-scale
models.

e EXxisting numerical libraries cannot be used directly to solve structured
problems.

e Efficient algorithms which exploit the structure of the matrices need to be
devel oped.

e Parallelism need to be considered.

e Other interesting matrix problems exists in Econometrics.
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