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Vector Autoregressive Models

o yr = Ajyr—1 + Aoy o+ -+ Apyr_p + Uy,
where E(u;) = 0 and Cov(u, u,) = 05, 2.
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e Y = XB -+ U, where
— Vec(U) ~ (0,2 ® I,;,) and
— (X|Y) is Block-Toeplitz.

mpXxXn

[ A

\ 4

T
p

T
1

)

/




OLS estimation and QR decomposition

Rx Rxy
. (X Y) = <QX Ry QN) 0 Ry |,
0 0

e RxB = Rxy,U=QyRy and ¥ = RLRy.



Displacement structure of (X|Y)1(X|Y)

° <X | Y) :m X n(p+ 1) is Block-Toeplitz.

T
o A= < X | Y) < X | Y) has low displacement rank.

o VrA=A—-FAF!T =G*'JG, F=2Z,1Q Iy;
J = In—l—l D (_In—l—l)a

(Rp R, 1 .-+ Ry \ .
?J%—pﬂ T y;i',; 1

G = R, 1 o+ Ry .
K y{—p Co yg ) 1

where }/Z-T — (ym_i Yn—i—1 - yl_i), Yp — QpRp and Rz — Qng



Displacement structure (continued)

e A=R{Ri+ R; Ro — R3 Rs — R{ Ru,
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e Updating: Orthogonal Transformations.

e Downdating: Hyperbolic Transformations



Adding exogenous factors (inputs)

ye = Cwy + Arye—1 + A2ye—2 + - + ApYs—p + us,
C:nxgq, w::qXx]1;

Y =XB+U, X = (W X)and B" = (C* B).

- T , _
A= (X Y) (X Y) is a structured matrix.

The generator of A with respect to (Oyxq ® Zp+1) ® I,) is

q n n n
/RW Rwp, Rwp-1 -+ Rwpo \ P
R, R,—1 - Ro A
G— y;{z—p—l—l v y?v; 1 +
Rwyp, Rwp-1 -+ Rwo | ¢ -~
R,1 - Ro I
\ i, o wd ). -



Subset VAR models and SURE models

Bj; =0foreach j € &;,,1=1,... ,n.

VeC(B) = Vec(Slﬁl 5252 e Snﬁn) = (@ZSZ)VGC({ﬁz}n), where
S: + K X k; is a selection matrix, 3; : k; X 1,
k; = #S@ and K:n(p—l—l) .

SURE model:
Vec(Y) = (:XS:) Vec({B:}) + Vec(U),
Vec(U) ~ (0,2 ® In,),

Estimators: OLS, GLS, FGLS.



Model reduction (SURFE models)

Vec(Y) = (I ® X)(®:S:) Vec({Bi}) + Vec(U);

Rx Rxy
(X Y) = (QX Qy QN) 0 R,
0 0

Multiplied by Q = I ® Qx I®Qvy I® Qn)' the SURE model (1)

becomes

Vec(Rxy) (I ® R)(D:Ss) Vec(Vx)
Vec(Ry) | = 0 Vec({Bi}) + | Vec(Vy)
0 0 Vec(Vn)

where Vx = Q%U, Vy = QLU and Vv = QLU .

Cov(Vec(Vx)) = (I ® Q%) Cov(Vec(U))(I ® Qx) = (I Q@ X).
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Model reduction (SURFE models)

A

e U=XB- Y, B: FGLS estimator of the reduced SURE model.
o ..
o 2 =00 =U"(QxQ% + QxQ% + QxQX)U = V{Vx + .



Displacement structure of TTT

oT:[Ti_j]ij. T:mpxnq, T;:pxgq.

o A =T"T has low displacement rank.
o VriA=A—-FAFT =GTJG, F=27,%I,;
J = Iprq @ (—Iptq),

q g - q
(Ro Ro1 -+ Ron-1 \ q

o T, - Ty |p |
Ro 1 Ron-1 | ¢
K Tm—1 Tm—I-l—n D

where T' = <X0 X1 s Xn_1>, XO = Q()Ro and Ro,f,; — ng
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Displacement structure of TT'T

e T'T = RIR, + RY Ry — R Rs — RI R4,

/Ro Ro,1 Ro,2 - Ron-1 \
Ro Ro,1 - Ron—2
Ro -+ Ron-3
Ry
T, T2 - Ti_p
T 1 - To_
(F1) '
£ _ T ,
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Ro 1 Ry, n—2
\Ri / |
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Trp—1 T — ’ Tm—n—|—1
Tm—l : Tm—n+2

e Updating: Orthogonal Transformations.

e Downdating: Hyperbolic Transformations

(numerically unstable).



Schur algorithm

Updating Downdating Shift
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Complexity

e Generators building: O(mn?p).
e k-th step: O(n°k).

o All the p+ 1 steps: O(n3p?).

e Total: O(mn?p + n3p?).

e QRD of (X Y): O(mn?p?).

The constant factor of the complexities is omitted. It depends on the algorithm

choosen for each steps.
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